The range of applicability of a fundamental tool for studying the evolution of droplets, the radius-square-law, was investigated both analytically and numerically, on the basis of the experimental results of our own as well as of other authors. Standard issues were briey discussed. Departures from the radius-square-law caused by the inuence of impurities encountered in non-ideal liquids, by the kinetic and surface tension eects encountered for small droplets or by thermal imbalance encountered in light-absorbing droplets were analysed. The entanglement between the kinetic and impurities eects was studied numerically yielding a possible explanation to evaporation coecient discrepancies found in the literature.
Introduction
The ubiquitous processes of evaporation and condensation are still not fully understood and the awareness of that fact seems to increase [1, 2] . The continued interest in detailed modelling of these processes, especially concerning droplets, is strongly driven by their role in the Earth ecosystem, as well as their indispensability in technology. However, there is also a more fundamental aspect of making the theories consistent. The continuous--medium descriptions of evaporation/condensation phenomena (see e.g. [3, 4] ) cannot grasp the details at molecular level, so far (compare e.g. [5] ). On the other hand, though it seems possible to learn a lot with molecular dynamics (MD) simulations (see e.g. [6, 7] ), the large scale, engineering applications of MD is far from feasible. A new attitude is often sought. The application of statistical rate theory (SRT) [8, 9] or irreversible thermodynamics [10, 11] make an example.
However, in wait for the scientic breakthrough, one resorts to currently available methods. It turns out that they can provide many valuable information, if they are carefully applied. As far as the evaporation/condensation of droplets is concerned the famous radius-square-law is the fundamental tool (diameter-square-law is also met in the literature). This law states that the square of droplet radius tends to evolve linearly in time. In other words, there is a conservation law for the evaporation/ condensation of droplets: the rate at which the surface area changes is constant. The radius-square-law reects * corresponding author; e-mail: jakub@ifpan.edu.pl also an every-day-life intuition that the eectiveness of drying depends on the surface area of the dried object.
In this work we study the range of applicability of this law and its extensions to droplets of non-ideal liquids. Apart from the evolutions which adhere to the radius-square--law quite obviously, we analyse cases which conform to the radius-square-law rather unexpectedly, as well as seemingly similar cases in which we encounter evident departures from the radius-square-law. We refer to the results of our own experiments (the datasets presented here have not been published yet), as well as to the experimental results of other researchers. The description of our experimental methods can be found in [1214] and a short summary is given in the next section.
Experimental setup and procedures
The single droplets that we studied, were levitated in an electrodynamic quadrupole trap (compare e.g.
[1519]), a variant of which we developed in our lab.
The trap was kept in a small (≈ 10 cm 3 ) thermostatic chamber.
Droplets were injected into the trap with the droplet-on-demand injector (compare e.g. [20, 21] ), a variant of which we developed. The injector was kept inside the chamber ensuring that the initial temperature of the droplet was equal to that of the chamber.
On emerging from the injector nozzle, the droplets were charged by charge separation in the external eld of the trap. The experimental setup schematic view is presented in Fig. 1 .
In experiments presented in this work we used: (i) ultrapure water produced in the lab (Milli-Q Plus, Mil- Droplet heating and direct momentum transfer from the beams were negligible.
Basic dynamics of droplet evolution
The problem of stationary evaporation of a free, spherical, motionless droplet of a pure liquid in an innite, inert medium was rst addressed by Maxwell (wet--bulb thermometer [25] 
where ρ L is the density of the liquid and T L and T cc are the temperature of the droplet (surface) and the climatic chamber respectively. Since the language of diffusive transport is not suitable for sub-micron distances, the above equation is generalised by the use of the effective diusion coecient D k , eective for sum-micron--sized droplets. This coecient encompasses, so-called, gas kinetic correction, which will be discussed in Sect. 5.1.
For very small droplets or very small
where σ is the surface tension of the liquid.
In general, the transfer of heat to/from the droplet should be considered simultaneously with the transport of mass. Under the assumption that evaporation/condensation is associated only with the heat transported via conduction between the droplet and the reservoir (instantaneous evaporation), a simple formula [4] is obtained:
where ∆T = T L −T cc , h LV is the (eective, see Sect. 6) enthalpy of evaporation and λ k is the eective thermal conductivity (kinetic eects accounted for) of the ambient gasvapour mixture. The above assumption seems well justied for the stationary evolution of a small droplet (compare [28, 29] ), and is readily used.
The radius-square-law for isothermal evolution
It can be easily demonstrated that the radius-square--law follows from the Maxwellian framework as a rst approximation. If there are no kinetic eects (D k = D and λ k = λ, see Sect. 5.1), no surface tension eects (vapour far from saturation: ρ cc − ρ sur ≫ 0, large droplets) and (nearly) isothermal evolution (T L ≈ const, ρ sur = const) Eq. (1) yields the radius-square-law:
where
Obviously, ∆T = const consistently follows. Such mode of evolution is illustrated with two examples in Fig. 2 .
Both graphs concern relatively large droplets and mod- 
Departures from the radius-square-law
Though the radius-square-law seems to be a quite robust tool, the departures are quite often encountered.
Here we shall discuss three classes of phenomena which introduce non-linearity to a 2 (t) evolution: kinetic eects, inuence of impurities and additional heat. We shall also study a case of seemingly unexpected adherence to the radius-square-law.
Kinetic eects
The equations of uid dynamics do not hold where the gradients of described quantities are high. Such is exactly the case in the vicinity of gasliquid interface, below the mean free path of the gas molecule from the surface. Customarily, however not with full exactness (see [31, 4, 32, 2, 13] ), the transport of molecules in this region is treated as ballistic and thus governed by the HertzKnudsenLangmuir (HKL) equation.
For a droplet in vacuum the mass transport equation
derived from kinetic theory of gases takes the following form:
where v is average thermal velocity of vapour molecules and α C is the evaporation coecient. This coecient, dened as the probability of crossing the interface by a molecule impinging on it, was introduced by Knudsen [33] to reconcile the experimental ndings with the predictions of the kinetic theory of gases. The experimentally observed evaporation rate in the ballistic regime is never greater than theoretically allowed by the kinetic theory.
Though conceptually seemingly simple, the value of this coecient turned out to be rather elusive [5, 34, 29, 35] .
In view of that some authors call for major changes to the concept [6, 26, 1, 8] .
Nonetheless, it is possible to combine the diusive and kinetic descriptions into a single equation. It is customarily done by assuming that only at the distance ∆ C from the droplet both descriptions are valid simultaneously (compare e.g. [36, 31] ). This distance is comparable with the mean free path of molecules of ambient gaseous medium l a but, in fact, the quantity has no clear physical meaning. The eective diusion coecient in Eq. (1) takes then the form
Similarly, the eective thermal conductivity of ambient gas may be expressed as
where ρ, c P and v a are density, specic heat capacity under constant pressure, and the average thermal velocity of molecules of ambient gas. ∆ T is an analog of ∆ C and α T is the thermal accommodation coecient (compare [33] ). Under standard temperature and pressure (STP) conditions ∆ C , ∆ T ≪ a and can be neglected for micron-sized droplets. It can be also easily noticed that kinetic eects, described with formulae 7 and 8, manifest only for relatively small droplets. The departure from the radius-square-law can be plainly visible only
, which is usually well below 1 µm.
An example of such departure that we attribute solely to kinetic eects (compare next section) is shown in Fig. 3 , where our experimental results for a small triethylene glycol droplet are presented. In many cases it may be dicult to notice the manifestation of kinetic eects for (1) and (3) are not strongly interconnected via temperature-dependent quantities, they can be both rewritten in a very convenient, linear form of
(P 1 and P 2 being composite constants) which encompasses kinetic eects and can supersede the radius--square-law (see inset in Fig. 4) . lines correspond to linear ts for: t < 300 s in main gure and 3 < a < 12.5 µm in the inset.
It is worth noticing that the evaporation into the atmosphere (initially) void of vapour stays isothermal even when the kinetic eects manifest for small droplets.
Equations (1) 
ClausiusClapeyron equation may be employed. If, fur-
Combining Eqs. (10) and (11) allows to disentangle ∆T :
Now, from Eqs. (7) and (8), it can be seen that the tem-
is always nearly constant so is ∆T . Under the assumption of ∆ C , ∆ T ≪ a the details of this weak variability can be easily seen
Now the convex/concave behaviour of this expression depends on the proportion of
where Le is the Lewis number. When the transfer of heat is more ecient than the transport of mass (Le > 1) ∆T (a) is convex, otherwise (Le < 1) ∆T (a) is concave.
These eects are, however, very minute, and seem to be of little practical signicance. 
The inuence of impurities
where ρ sat (T L ) is the saturated (equilibrium) vapour density corresponding to temperature T L , a 0 is the initial droplet radius and n s is approximately equal to the initial mass fraction of impurities. Again, if necessary Eqs. (2) and (15) can be combined.
In order to investigate the entanglement of the kinetic eects with the inuence of impurities, we rst performed (forward) numerical simulations using Eqs. (1), (3), (7) and (8) 
Non-isothermal evaporation with additional heat source
The last example of evolution disobeying the radius--square-law, we would like to present, is the non--isothermal evaporation with additional source of heat.
This mode of evaporation is encountered e.g. in burning fuel droplets and in droplets absorbing radiation (e.g. atmospheric aerosols, see e.g. [38] ). An example of the later is presented in Fig. 7 . A droplet of C 60 fullerene nanocrystallite suspension in water was exposed to laser radiation and thus mildly heated.
As it was discussed in Sect. 6. Non-isothermal evolution of small droplets the persistence of the radius-square-law
A very interesting case of rather unexpected adherence to the radius-square-law is encountered for very small droplets quickly evolving in nearly saturated atmosphere.
In view of considerations from Sect. 
where 
It can be easily noticed that under the condition of
It explains why the radius-square-law is valid under the considered conditions. However, the proportionality coecient is rather unexpected, since for evaporation of small droplets into dry atmosphere we nd da/ dt ∼ α C .
The whole nding gives a strong impression that the existing description is more complicated than the process following a simple radius-square-law.
While the kinetic eects visibly dominate, the evaporation/condensation coecient α C can be measured. This is certainly the case for moderately fast evaporating water droplets in our measurements (see upper graph in Fig. 8 ), though the eect is obscured as the droplets are not very small. It is, however, fundamentally true for much faster evolutions of even smaller droplets from UV/UH group experiments (lower graph in Fig. 8 ).
Adopting the models discussed in this work to nanoscopic droplets of Ref. [6] and nding the evaporation coecient there requires much eort and we intend to present it in a separate paper.
In both graphs in Fig. 8 we present linear ts corresponding to the radius-square-law as well as numerical simulations performed with the unabridged model.
For UV/UH experiment (Ag03 set) we actually found the value of α C ≈ 0.5, which is by a factor of 2 smaller than proposed by UV/UH group and by a factor of 2 larger than proposed by Boston College/Aerodyne Research Inc. group [39] . Too high value of α C may follow from too small value of h LV taken. Enthalpy of evaporation, playing a vital role in the heat transport equation, is dened and measured under equilibrium conditions and may be inadequate for an evolution far from thermal equilibrium. However, a proper correction to h LV seems not to be known.
Discussion and conclusions
We have revisited the radius-square-law for evaporation of micro-droplets of non-ideal liquids and suspensions. We briey discussed standard issues and concentrated on departures from the radius-square-law as well as on unexpected applicability case. To our knowledge, the last two issues were not discussed in the literature in a manner we propose, and we hope our ndings may be of some help.
The temporal evolution of the square of droplet radius is linear primarily for large droplets of pure liquids. The vapour diusion coecient D plays then the role of proportionality factor for this radius-square-law:
The evolution is isothermal then: the droplet temperature drop ∆T is constant though not equal to zero. The apparent linearity of a 2 (t) is retained even for relatively small droplets and relatively fast evaporation/condensation, since the a 2 (t) form is not very sensitive to kinetic eects. The linear form of 1/ȧ(a), encompassing kinetic eects, is more sensitive and convenient, but requires very smooth a(t) dependence.
For evaporation into atmosphere (initially) void of vapour the process continues to be isothermal. Though ∆T can be signicant, its temporal evolution is usually very minute. On the other hand, the evolution of very small droplets in an atmosphere nearly saturated with vapour is non-isothermal. Then, the persistence of the radius-square-law is caused by coexistence of the kinetic eects and the strong eects of surface tension. Strangely, the evaporation coecient α C replaces D as proportionality factor for the radius-square-law then: da 2 /dt ∼ α C , while in dry atmosphere small droplets evolution do not obey the radius-square-law:
da/ dt ∼ α C . The intriguing fact,that the radius-square--law holds for very small droplets and fast evaporation/ condensation can be perceived just as a specic case of a more complex model. However, simple experimental results call rather for a simple description, which is still being sought.
Serious departures from the radius-square-law (or its derivatives) may be caused e.g. by the inuence of impurities encountered in non-ideal liquids, by the kinetic and surface tension eects encountered for small droplets or by thermal imbalance encountered in light-absorbing droplets. We adhere to the opinion that in all such cases it is still possible to extract useful information from a(t)
dependence, though much care must be taken. Most remarkably, the values of thermodynamical parameters (e.g. diusion and evaporation/condensation coecients)
found from the a(t) dependence may be severely inuenced by the eects of impurities, if unaccounted for.
This fact seems to be quite often overlooked. Precise accounting for the eects of impurities may be dicult, however simple introducing of the Köhler equation yields a good approximation.
